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Introduction

In this note, we shall propose the concept of the equivalent
diameter and the Reynolds number based on it, which can han-
dle both hydrodynamic and heat-transfer aspects associated
with fluid flow, and heat transfer in porous media. This concept
enables us to extract a series of useful correlations for porous
media, such as the friction factor, thermal dispersion and inter-
facial heat transfer coefficient, from existing correlations avail-
able for tube flows and cross flows over banks of cylinders.

Prior to the discussion leading to the equivalent diameter,
here we revisit the concept of the hydraulic diameter often intro-
duced in conjunction with the Carman-Kozeny theory, to esti-
mate the permeability of a fluid-saturated porous medium (See
for example,1). The hydraulic diameter dh may best be illus-
trated in consideration of a bundle of capillary tubes as shown
in Figure 1, in which, Hagen-Poiseuille flow may develop.

For each tube, the following equation should hold

� dhpif
dx

¼ 32mf
huif
d2t

¼ mf
ðd2t e=32Þ

hui (1)

where dt is the capillary tube diameter and

hfif ¼ 1

Vf

Z
vf

f dV (2)

in general denotes the intrinsic averaged value of f over the
volume space Vf occupied by the fluid within the local con-
trol volume V, where the subscript f stands for the fluid
phase. Another volume averaging may be used as

hfi ¼ 1

V

Z
vf

f dV (3)

The obvious relationship between the Darcian velocity hui,
and the pore velocity huif, namely, hui ¼ ehuif (where e ¼
Vf/V), is used in Eq. 1. The hydraulic diameter concept (often
called the Carman-Kozeny theory) runs as

K � mf hui
� dhpif

dx

¼ ed2h
16kk

¼ e3

kkð1� eÞ2A2
0

(4)

where K is the permeability and the hydraulic diameter is
given by

dh ¼ 4e
ð1� eÞA0

(5)

Obviously, the hydraulic diameter dh corresponds with the
tube diameter dt with the Kozeny constant kk ¼ 2 for the
case of a bundle of circular tubes. In the last expression in
Eq. 4, the volumetric area based on the solid structure A0 is
introduced such that A0 ¼ 4/dcir for the case of circular cyl-
inder particles of diameter dcir, and A0 ¼ 6/dp for the case of
spherical particles of diameter dp. For the packed beds, the
Kozeny constant kk is approximated as some value around 4
to 5. Such two typical expressions for K are given by

K ¼ e3

150ð1� eÞ2 d
2
p ðErgunÞ (6a)

K ¼ e3

180ð1� eÞ2 d
2
p ðCarman� KozenyÞ (6b)

The concept of hydraulic diameter provides a relationship
between the pressure gradient and the porosity for different
configurations such as cylindrical and spherical particles. Its
discussion, however, is limited to the hydrodynamic aspects.
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Equivalent Diameter

Let us define the equivalent diameter as follows

deq �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32

mhuif

� dhpif
dx

vuut
�����
hui!0

¼
ffiffiffiffiffiffiffiffiffi
32

K

e

r
(7)
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The advantage of using the equivalent diameter will be
clear, as we find it all we need to establish the correlations,
whereas the use of the hydraulic diameter requires another
geometrical parameter, namely, the Kozeny constant kk.

For example, we have deq ¼ dt from Eq. 1 for the circular
tube flow and

deq ¼
ffiffiffiffiffiffiffiffi
32

150

r
e

1� e
dp : Spheres (8)

from Eq. 6a for the packed beds. Furthermore, Kuwahara et al.2

and Nakayama et al.3 conducted a series of numerical experi-
ments for various arrangements of cubes, circular and square
cylinders and established the following functional relationships

K ¼ e3d2cube
152ð1� eÞ2 hence deq ¼

ffiffiffiffiffiffiffiffi
32

152

r
e

1� e
dcube : Cubes

(9)

K ¼ e3d2cir
144ð1� eÞ2 hence deq ¼

ffiffiffiffiffiffiffiffi
32

144

r
e

1� e
dcir

: Circular cylinders in cross flows ð10Þ

K ¼ e3d2sq
120ð1� eÞ2 hence deq ¼

ffiffiffiffiffiffiffiffi
32

120

r
e

1� e
dsq

: Square cylinders in cross flows ð11Þ
Thus, all two- and three-dimensional (3-D) obstacles lead

to similar expressions for the permeability and hence for the
equivalent diameter. It is particularly interesting to note that,
for a fixed porosity, the permeability of the packed bed is
almost the same as that of the bank of circular cylinders under
dcir ¼ dp. The equivalent diameters for these configurations
are listed in Table 1 for a further discussion. We may roughly
estimate the equivalent diameter as deq ¼ 0.5edf/(1�e) where
the subscript f corresponds to p, cube, cir or sq.

Friction Factor

Ergun’s empirical equation for the packed beds4 is given by

Figure 1. Flow through a bundle of capillary tubes.

Table 1. Equivalent Diameter

Configuration Circular Tubes Spheres Cubes Circular Cylinders Square Cylinders

deq dt deq ¼ 0.462 e
1�e dp deq ¼ 0.459 e

1�e dcube deq ¼ 0.471 e
1�e dcir deq ¼ 0.516 e

1�e dsq

� dhpif
dx

¼ 150ð1� eÞ2
e2d2p

mf huif þ 1:75
1� e
e

rf ðhuif Þ2
dp

: Packed beds ð12Þ

which may be rewritten in terms of the friction factor leq
using the equivalent diameter as

leq � � dhpif
dx

8>>>:
9>>>; rf ðhuif Þ2

2deq

8>>>:
9>>>; ¼ 64

Redeq
þ 1:62

,
(13)

where

Redeq �
huif deq

vf
¼ 0:462

1� e
huidp
vf

(14)

is the Reynolds number based on the intrinsic velocity and
the equivalent diameter. Kuwahara et al.5 carried out the
DSN and LES study to investigate the cross flows through
periodic arrays of square cylinders in a staggered arrange-
ment. Wide ranges of porosity and cross-flow angle were
covered in this numerical study to establish the following
expression

� dhpif
dx

¼ 120ð1� eÞ2
e2d2sq

mf huif þ 2:0
1� e
e

rf ðhuif Þ2
dsq

: Square cylinders in cross flows ð15Þ
Or in terms of the friction factor as

leq � � dhpif
dx

8>>>:
9>>>; rf ðhuif Þ2

2deq

8>>>:
9>>>; ¼ 64

Redeq
þ 2:07

,
(16)

where

Redeq �
huif deq

vf
¼ 0:516

1� e
huidsq
vf

(17)

In Figure 2, these two equations for the equivalent friction
factor are plotted against the equivalent Reynolds number.
The comparison of the Ergun empirical formula and the LES
results obtained for the arrays of square cylinders suggests
that the Ergun formula, when based on the equivalent diame-
ter, is a such a universal law that can be used to estimate the
pressure drops over the banks of two-dimensional obstacles,
such as circular and square cylinders. This suggests that,
under the concept of equivalent diameter, we can translate
the results obtained for the packed bed into those for other
porous configurations. In what follows, we shall exploit this
equivalent diameter concept to capture the heat transfer char-
acteristics in porous media, using correlations available for
tube flows and cross flows over banks of cylinders.
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Thermal Dispersion

In addition to the molecular thermal diffusion, there is sig-
nificant mechanical dispersion in heat and fluid flow in a
fluid-saturated porous medium, as a result of hydrodynamic
mixing of the fluid particles passing through pores. This ther-
mal dispersion causes additional heat transfer, which arises
further complications in dealing with transport processes in
fluid saturated porous media. In order to illustrate the mecha-
nism of thermal dispersion, Taylor6,7 considered the rate of
spreading of the heat (or mass) content caused by the radial
velocity nonuniformity of the fluid flowing inside a circular
tube and obtained the following analytical expression for the
axial thermal conductivity (kdis)ax due to the dispersion in the
case of high Peclet number

ðkdisÞax
kf

¼ 5:03
utdt
af

8>>: 9>>; : Taylor (18)

where kf and af are the thermal conductivity and diffusivity of
the fluid, respectively, and ut is the friction velocity. In order
to translate the foregoing results for the packed bed, we use
Ergun’s empirical Eq. 13 for high Reynolds number as

u2t ¼ � dhpif
dx

deq
4rf

¼ leq
8

ðhuif Þ2 ’ 1:62

8
ðhuif Þ2 ¼ 0:203ðhuif Þ2

(19)

Thus, we obtain the approximate expression for the axial
dispersion coefficient as follows

ðkdisÞax
kf

¼ 5:03
utdt
af

8>>: 9>>; ¼ 2:26
huif dt
af

8>>>:
9>>>; (20)

We shall exploit the equivalent diameter concept, replac-
ing huif dt/af in the foregoing equation by the Reynolds num-
ber as given by Eq. 14. Thus, we have

keff
kf

¼ e 1þ ðkdisÞax
kf

8>>: 9>>; ffi e
ðkdisÞax

kf
¼ 2:26e

0:462

1� e
huidp
af

8>>: 9>>;
’ 0:7

huidp
af

8>>: 9>>; ð21Þ
Figure 3. Axial thermal-dispersion coefficient.

Figure 2. Equivalent friction factor.

where the porosity for the packed bed is assumed to be e ¼
0.4. Moreover, huidp/vf, commonly used for a packed bed, is
the particle Reynolds number based on the particle diameter
dp and Darcian velocity hui ¼ ehuif. Also, note that keff is the
effective axial thermal conductivity of the fluid. The fore-
going expression for the packed beds is presented in Figure 3
along with the empirical formula proposed by Yagi et al.8

for the packed bed in a high Peclet number range, namely

keff
kf

¼ 0:5
huidp
af

8>>: 9>>; : Yagi et al: ðempiricalÞ (22)

The present expression (Eq. 21) for the axial dispersion
coefficient based on the equivalent diameter concept closely
follows the empirical formula established by Yagi and his
coworkers. In fact, they reported a tremendous scatter in the
experimental data. The solid line based on the present for-
mula passes through the scatter of these data.

Interfacial Heat Transfer Coefficient

Another important modeling parameter for non-local ther-
mal equilibrium heat transfer within porous media may be
the interfacial heat-transfer coefficient hsf, which is required
for describing the heat transfer from the fluid and solid inter-
face Asf, as followsZ

Asf

kfrT � d A!� Asf hsf ðhTis � hTif Þ (23)

Zhukauskas9,10 carried out a series of exhaustive experi-
ments to investigate the heat transfer from banks of circular
cylinders and proposed the following correlations for the
staggered arrangements

hdcir
kf

¼ 0:35Pr0:36
umaxdcir

vf

8>>: 9>>;0:6

for 103 ,
umaxdcir

vf
, 2� 105 ð24aÞ
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and

hdcir
kf

¼0:022Pr0:36
umaxdcir

vf

8>>: 9>>;0:84

for 2� 105 ,
umaxdcir

vf
, 2� 106 ð24bÞ

where umax is the average velocity at the minimum cross-sec-
tional area. We note dcir ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

144=150
p

dp ¼ 0.98dp for the
same value of deq, and exploit the equivalent diameter con-
cept to obtain the corresponding correlation for the packed
beds, replacing umaxdcir/vf in the foregoing equation by
0.98huidp/evf as follows

hsf dp
kf

¼ 0:35Pr0:36

0:98

0:98huidp
evf

8>>: 9>>;0:6

’ 0:61Pr1=3
huidp
vf

8>>: 9>>;0:6

for 4� 102 ,
huidp
vf

, 8� 104 ð25aÞ

and

hsf dp
kf

¼ 0:022

0:98
Pr0:36

0:98huidp
evf

8>>: 9>>;0:84

’ 0:048Pr1=3
huidp
vf

8>>: 9>>;0:84

for 8�104 ,
huidp
vf

, 8�105 ð25bÞ

where the porosity for a packed bed is assumed to be e ¼
0.4. These correlations based on the equivalent diameter con-
cept are plotted in Figure 4 to compare with the empirical
formula proposed by Wakao and Kaguei11, which, for the
high Reynolds number range, reduces to

hsf dp
kf

¼ 1:1Pr1=3
huidp
vf

8>>: 9>>;0:6

Wakao and Kaguei ðempiricalÞ
(26)

The present expressions Eqs. 25a and 25b for the interfacial
heat-transfer coefficient obtained using the equivalent diameter

concept, consistently follow the empirical formula (Eq. 26),
which Wakao and Kaguei established, compiling a number of
available experimental data. The underestimation by the pres-
ent correlations should not be taken seriously, in view of the
scatter of the experimental data (see Figure 4.3 in11).

Conclusions

The concept of the equivalent diameter was proposed for
extracting a set of useful correlations for porous media, such
as the friction factor, thermal dispersion and interfacial heat-
transfer coefficient, from the correlations available for tube
flows and cross flows over banks of cylinders. It has been
shown that the Ergun formula, when based on the equivalent
diameter, can give a universal law for the friction factor in a
variety of porous media. Moreover, the expressions estab-
lished using the equivalent diameter concept for the thermal
dispersion and interfacial heat-transfer coefficient in the
packed beds, were found to agree well with the existing em-
pirical formulas. Thus, the concept of equivalent diameter
has proven to be sound.

Notation

dcir ¼ diameter of circular cylinder
dcube ¼ size of cube
deq ¼ equivalent diameter
dh ¼ hydraulic diameter
dp ¼ diameter of sphere
dsq ¼ size of square cylinder
dt ¼ diameter of tube
hsf ¼ interfacial convective heat-transfer coefficient
K ¼ permeability tensor, directional permeability
Pr ¼ Prandtl number
u ¼ velocity
p ¼ pressure
kk ¼ Kozeny constant
kf ¼ thermal conductivity of fluid

Redeq ¼ Reynolds number based on deq and the intrinsic velocity
V ¼ elementary representative volume
x ¼ axial coordiante
af ¼ fluid thermal diffusivity
e ¼ porosity

leq ¼ equivalent friction factor
lf ¼ friction factor
vf ¼ kinematic viscosity
rf ¼ fluid density
mf ¼ fluid viscosity

Subscripts and superscripts

dis ¼ dispersion
eq ¼ equivalent
f ¼ fluid
s ¼ solid
sf ¼ interface

Special symbols

h i ¼ volume-average
h if,s ¼ intrinsic average

Figure 4. Interfacial heat-transfer coefficient.
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